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Compared to a space group, a magnetic space group is much more complex, as both magnetic structure
and magnetic moment direction can change the original symmetries of materials. The interplay between space
symmetry and magnetism can generate versatile novel quantum states. However, detecting these topological
phases experimentally, achieved through manipulating the magnetic configuration, has been restricted. It is
mainly because the intrinsic link between the theory and the available experimental technique remains elusive.
Here, we show that high harmonic generation (HHG) can identify these topological quantum states. We use
rhombohedral MnBi2Te4 film as an example, and analyze the symmetry-dependent harmonic order and signal
by combining first-principles calculations and time-dependent Liouville equation numerical computations. Our
results provide a fundamental basis for using HHG to study the topological quantum phases mediated by various
magnetic configurations that can be easily realized by applying an external magnetic field.
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I. INTRODUCTION

One great success in modern condensed matter physics is
the introduction of topology absolutely extending the band
theory [1,2]. Extraordinary quasiparticles originally predicted
in high-energy physics have been realized in the electronic
structure of material. The emerged quantum states are estab-
lished on the notion of topological orders, which are usually
correlated with space symmetries. For example, four-fold de-
generate bands contacting at discrete momentum points in
nonmagnetic materials lead to Dirac semimetals, where the
protection of inversion symmetry I is necessary [3]. By con-
trast, according to the Landau’s theory, the phases of matter
can be understood in terms of spontaneous symmetry break-
ing. For instance, the breaking of time-reversal symmetry T
would result in magnetic order. More recently, the interplay
of magnetism and symmetry has attracted extensive research
attention. It provides a potential platform to study the quantum
anomalous Hall effect (QAHE) [4,5], axion electrodynamics
[6], and Majorana fermions [7]. Intriguingly, when a material
has an antiferromagnetic (AFM) order, both T and I are
usually broken, but their combination IT can be respected.
This leads the energy band to doubly degenerate at each mo-
mentum point. If an additional crystalline symmetry emerges,
new quantum phases would arise from an accidental band
crossing [8]. However, a method to detect these quantum
phases experimentally is still missing.
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As a nonlinear response of optics, HHG touches the heart
of condensed matter such as symmetries, quantum geomet-
rical nature of electrons, and electron correlation [9–14]. In
particular, actively impelling HHG to access a solid enables
the construction of an energy band from the normal insulator
and/or semiconductor to metal, where HHGs are sensitive to
crystalline symmetries [15–18]. In ferromagnets, the break-
ing of T imposes an anisotropic HHG, where the reducing
symmetries under spin-orbit coupling (SOC) play a role [18].
In addition, HHG can also probe the topological order from
the contribution of edge states, or the sensitive emitted in-
tensities, related to the topological phase boundary [19–21].
Following this guideline, our previous work demonstrated that
even harmonics appear in a magnetically doped topological
insulator, originating from the breaking of I under magnetic
doping [22]. However, the results of HHG on breaking both I
and T but keeping the combination IT has remained obscure
until now. It is thus natural to ask whether HHG can detect
the topological quantum states under the interplay between
symmetry and magnetism.

In this work, we discover that rhombohedral MnBi2Te4

film can host four topological phases, which are realized
through changing the magnetic configurations. The four topo-
logical phases produce four distinct high-harmonic spectra,
owing to the interplay between space symmetry and mag-
netism. For our AFM models, both even and odd harmonics
coexist, being protected by IT . If there exists crystalline sym-
metry σxz, an accidental band crossing will emerge, leading
to a Dirac semimetallic state. In addition, only the parallel
polarization of harmonics with respect to the laser field is
observed. If σxz is broken through changing the magnetic
moment direction, the Dirac point will be gapped, giving
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rise to an axion insulator state. Meanwhile, an additional
perpendicular component of harmonics is thus induced. For
our ferromagnetic (FM) models, IT is broken, whereas I is
kept. Only odd harmonics are yielded. When the crystalline
symmetries σxz and Ry hold, a pair of Weyl points appear along
the high-symmetry lines M′-�-M, generating a Weyl half-
semimetallic state. Besides, only the parallel component of
harmonics appears. When σxz and Ry are broken when rotating
the magnetic moment direction, the Weyl points are gapped,
leading to QAHE. The perpendicular component of harmonics
then arises. In addition, in the FM cases, the nonzero net
magnetic moments give rise to the spin HHG, where only even
harmonics are allowed. Our results indicate that HHG can
identify the topological quantum states induced by different
magnetic configurations, which can serve as a benchmark for
the corresponding experiments.

The paper is organized as follows. In Sec. II we describe
the computational methods that connect the first-principles
calculations and HHG. In Sec. III we discuss the distinct
HHGs under four topological phases of Dirac semimetal, ax-
ion insulator, Weyl half-semimetal, and AHEQ in MnBi2Te4.
Section IV contains a brief summary and conclusions.

II. COMPUTATIONAL METHODS

To fully appreciate the nonlinearity of HHG, we use the
density matrix method [23,24] to bypass the perturbation the-
ory that is indeed not competent under a strong laser field
[25–29]. To accurately obtain the electronic structure of a ma-
terial, we perform first-principles calculations and solve the
Kohn-Sham equation in the framework of density functional
theory [23,30],[
− h̄2

2me
∇2 + Vne(�r) + e2

4πε0

∫
n(�r)

|�r − �r′|d3�r′ + Vxc(�r)

]
�n�k (�r)

= εn�n�k (�r), (1)

where Vne(�r) is the potential of the nuclei, Vxc(�r) the
exchange-correlation potential, and n(�r) the electron density.
�n�k (�r) is the Bloch wavefunction of band n at crystal momen-
tum �k, and εn is the band energy. Before calculating HHG,
we self-consistently solve Eq. (1), which is implemented in
Wien2k [31]. Once the calculation is converged, we construct
the density matrix of the ground state as ρ0 = |�n�k〉〈�n�k|. Our
dynamic density matrix is obtained by numerically solving
the time-dependent Liouville equation ih̄〈n�k|∂ρ/∂t |m�k〉 =
〈n�k[H, ρ]m�k〉 [30]. Here, we employ a generic Hamiltonian
which reads

H = H0 + HI (t ), (2)

where H0 is the ground state Hamiltonian that accounts for
the electronic energy of a solid and HI (t ) is the interaction
Hamiltonian between the system and the femtosecond laser
pulse. Finally, HHG is computed by Fourier transforming

the induced macroscopic polarization �P(t ) = ∑
k Tr[ρk (t ) �̂Pk],

with �̂Pk = −ih̄∇ being a momentum operator. The nonlinear-
ity of HHG is correlated to the energy dispersion through
the dynamic density matrix, which is obtained at the first-
principles level.

Te

Mn
Bi

σxz

(a)

SL

y

z

x

Mn

(b)

(c)

x

y

C3

FIG. 1. (a) Crystal structure of the trigonal MnBi2Te4 with green,
blue, and red spheres showing Mn, Te, and Bi atoms, respectively.
The nonmagnetic rhombohedral primitive unit cell is indicated by
black lines. The gray rectangle denotes the septuple layer (SL).
(b) Magnetic structure of 2-SL MnBi2Te4 corresponding to the in-
terlayer AFM configuration. The arrows on atoms denote the local
magnetic moments. (c) Illustration of the mirror and three-fold rota-
tion symmetries σxz and C3, which play crucial role in HHG.

III. RESULTS AND DISCUSSION

Bulk MnBi2Te4 is a van der Waals material crystallized
in a rhombohedral structure with the space group P3̄m2
[32], consisting of seven-atom layers (e.g., Te1-Bi1-Te2-Mn-
Te3-Bi2-Te4) arranged along the trigonal (z) axis, known
as septuple layers (SLs) [see Fig. 1(a)]. The ground state
has an intralayer FM order and an interlayer AFM order, as
schematically shown in Fig. 1(b). Since various topological
quantum states usually appear in a few SLs of MnBi2Te4

[33–43], we take 6-SL MnBi2Te4 as a model to achieve the
topological phases under different magnetic configurations.
In the nonmagnetic state, 6-SL MnBi2Te4 has twelve sym-
metry operations that can be generated by the following three
symmetries: the inversion symmetry I, the three-fold rotation
symmetry C3, and the mirror symmetry σxz [see Fig. 1(c)]
[37,39], where C3 and σxz are particularly important in our
case.

MnBi2Te4 has been experimentally confirmed as an an-
tiferromagnet below the Néel temperature around 25 K
[41,44,45], where nonzero magnetic moments on Mn atoms
with 3d electrons order antiferromagnetically. The magnetic
structure breaks the original crystalline symmetry. In the most
energy-favoured AFM structure, the magnetic moments on
the space inversion-related Mn atoms are aligned along oppo-
site directions. Therefore, both T and I are broken, whereas
IT still holds. Under the consideration of SOC, residual
symmetries critically depend on the orientation of magnetic
moments. σxz remains when magnetic moments are along the
y axis [see Fig. 2(a)]. If magnetic moments are along the
x axis, σxz is broken [see Fig. 2(b)]. With the above two
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FIG. 2. (a) and (b) Two AFM states holding IT . The magnetic
moments are along the y axis, where σxz holds. However, σxz is
broken, which arises from the magnetic moments along the x axis.
(c) and (d) Two FM states losing IT . The magnetic moments along
the y axis restores I, σxz, and Ry. Only I holds with the magnetic
moments along the x axis.

magnetic configurations, we can study the interplay between
σxz and magnetism in the appearance of IT . Certainly, if we
want to explore the importance of IT , we can design another
two FM configurations, where I is restored while IT breaks,
as shown in Figs. 2(c) and 2(d). It is noticed that reflection
symmetry Ry appears when magnetic moments are along the
y axis

The antiunitary IT symmetry satisfies (IT )2 = −1 and
guarantees every band doubly degenerates, which is absent in
Bi2Se3 and MoS2 [22,46]. If there exists an additional crys-
talline symmetry, the Dirac point will arise from an accidental
band crossing. This is true for the AFM-y configuration, as
shown in Fig. 3(a). The Dirac point is located at the crystal
momentum (−0.015, 0, 0)π/a, with a being the in-plane
lattice constant, coinciding with the symmetry analysis, see
Supplemental Material [31] for more detail. The Fermi energy
level exactly intersects the band crossing point, and thus the
low-energy excitation can be described by the Dirac equation,
making MnBi2Te4 a promising material for quantum device
application. More importantly, such a Dirac semimetallic state
is protected by σxz. Thus, it can survive at the surface. Upon
changing the magnetic configuration to AFM-x, σxz is broken,
gapping the Dirac point, as shown in Fig. 3(b). We find a
global band gap of around 40 meV. The intrinsically surface
states on the top and bottom sides have half-quantized Hall
conductances with opposite signs, indicating an axion insu-
lator state with Chern number C = 0. This will lead to the
topological magnetoelectric effect and the unique magneto-
optical Faraday and Kerr effects [39,47,48].

To experimentally detect the above topological quantum
states is actually not an easy task as few experimen-
tal techniques are available such as angle-resolved pho-
toemission spectroscopy, quantum oscillation experiments,
anisotropic negative longitudinal magnetoresistance, anoma-
lous Hall effect, and low-temperature photoelectron spec-
troscopy [49–54]. Here, we propose HHG as a potential
method to distinguish these novel quantum states under sym-

FIG. 3. (a) Electronic structure of the rhombohedral 6-SL
MnBi2Te4 along the high-symmetry lines M′-�-M with SOC. The
magnetic moments appear antiferromagnetically along the y axis.
The Dirac point appears at the crystal momentum (−0.015, 0, 0)π/a,
which is protected by σxz. This leads to a three-dimensional Dirac
semimetal. (b) same as (a), but with magnetic moments along the
x axis. The breaking of σxz gaps out the Dirac point, indicating an
axion insulator state. (c) and (d) Harmonic spectra from the (c) Dirac
semimetal and (d) axion insulator with laser polarization along the
x axis. The photon energy of the laser field is h̄ω = 1.0 eV, with
duration τ = 60 fs and vector potential amplitude A0 = 0.03 Vfs/Å.

metries. We first focus on the Dirac semimetallic state. When
the laser field is linearly polarized along the x axis, only
harmonics whose polarization is parallel to the laser field are
generated, where even and odd harmonics coexist, as shown
in Fig. 3(c). Due to the presence of IT , I is naturally broken,
leaving the crystal momentum �k and the time t invariant.
This tells us that the effect of IT on the polarization �P(t ) or
HHG is like an identity operation E , protecting both even and
the odd harmonics. However, the perpendicular component
of harmonics vanishes, which is required by σxz. Under the
x polarized laser field, σxz, E , and IT belong to the same
subgroup [22,46]. The opposite effects of σxz and E/IT on
the y component cancels the corresponding harmonic signals.

Compared to the case of the Dirac semimetallic state, an
additional perpendicular component of harmonics is induced
in the axion insulator state, as shown in Fig. 3(d). The underly-
ing physics stems from the breaking of σxz and the remaining
of E and IT . Thus, the Dirac semimetallic and axion insulator
states present sensitive HHG dependence on σxz, which can in
principle be distinguished from the selectively emerged har-
monic component. When the laser field is linearly polarized
along the y axis, distinct harmonics are also observed (see
Supplemental Material in more detail).

The change in magnetic orientation has a marked impact
on electronic and topological properties. Here, we consider
two FM models: FM-y and FM-x. Their band structures are
quite different [see Figs. 4(a) and 4(b)], especially for the band
crossings near the Fermi energy level, implying the strong
influence of magnetic orientation on topological properties.
Importantly, σxz and Ry are preserved for FM-y, while they
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FIG. 4. (a) Electronic structure of 6-SL MnBi2Te4 along the
high-symmetric line M′-�-M with SOC. The magnetic moments
appear ferromagnetically along the y axis. Besides I and E , two
crystalline symmetries σxz and Ry are kept, dictating a Weyl half-
semimetallic state. (b) same as (a), but with magnetic moments are
along the x axis. Hence, σxz and Ry are broken, leading to QAHE.
(c) and (d) Harmonic spectra from the (c) Weyl half-semimetallic
state and (d) QAHE with laser polarization along the x axis. (e)
and (f) Spin HHGs for the (e) Weyl half-semimetallic state and
(f) QAHE. Inset: solid and dashed lines represent the plane waves
differing by a half period. The opposite oscillations mean the op-
posite propagation directions with h̄�k and −h̄�k, respectively. The
parameters of the laser field are the same as those in Fig. 3.

are broken for FM-x. The existence of σxz dictates a pair of
two-fold band crossings near � along the high-symmetry lines
M′-�-M under I (see Supplemental Material [31] for more
detail), as shown in Fig. 4(a). Meanwhile, σxz requires a van-
ishing in-plane Hall conductance [55]. This means the FM-y
system is a Weyl half-semimetallic state with Chern number
C = 0 [56]. Remarkably, accompanying the magnetic orienta-
tion change from FM-y to FM-x, a topological quantum phase
transition from C = 0 to C = 1 occurs, which is realized by
opening the band gap under band inversion, as shown in
Fig. 4(b). This leads to QAHE, which provides quantized edge
states for lossless charge-transport applications [5,54,57].

Next, we focus on HHG of FM-y. When the laser field is
linearly polarized along the x axis, only harmonics parallel to
the laser field appear, as shown in Fig. 4(c). The perpendicular
component disappears. The underlying physics is similar with
that of AFM-y. According to our previous work [22], the
four symmetries here should be classified into two subgroups:
E and σxz form one subgroup, while I and Ry constitute
another one. The two subgroups have exactly opposite y com-

ponent values. As a result, they cancel out the corresponding
harmonic signals. Compared to the AFM configuration, we
observe that, due to the appearance of I, even signals are
removed from HHG. In the case of FM-x, the perpendicular
component appears again, protected by σxz and Ry, as shown
in Fig. 4(c). Based on the above results, we can see that the
four topological phases generate four distinct high harmonics.
This serves as the basis of HHG as a potential tool to detect
the topological quantum states.

Unlike AFM and our previous work [22,46], there exist
nonzero net magnetic moments for FM, which results from
the IT breaking. Analogous to the induced polarization of
the system, the laser field can make the spin change through
�S(t ) = ∑

k Tr[ρk(t ) �̂Sk], with �̂Sk being the spin operator. This
change would also generate high harmonics as it shares the
same dynamical density matrix as �P(t ). For differentiating
it from the HHG of �P(t ) (henceforward denoted as optical
HHG), we denote it as spin HHG. When the laser field is
linearly polarized along the x axis, the perpendicular compo-
nent of spin HHG appears for FM-y [see Fig. 4(e)], which is
contrary to the optical HHG [see Fig. 4(c)]. The underlying
physics comes from the different operations of symmetries on
the spin in comparison with the space coordinate, which is
directly related to the improper rotation of the point group.
Here the improper rotations include I and σxz, while the
proper rotations contain E and Ry. For I, it makes the trans-
formation of space coordinate �r inverse and leaves the spin
�S unchanged. Thus, it is unified with E to form a subgroup,
protecting the spin invariant. For the symmetry σxz, it changes
the space coordinate from (x, y, z) to (x,−y, z) and the spin
from (Sx, Sy, Sz) to (−Sx, Sy,−Sz). In this context, it should
be combined with Ry to form another subgroup, reflecting
the spin along the y axis. Under the operation of the two
subgroups, the spin harmonics cancel along the x and z axes,
but remain along the y axis.

In the case of FM-x, σxz and Ry are broken, whereas E
and I still hold. Based on the above analysis, both E and I
preserve the spin. Thus, both the parallel and perpendicular
components appear in the spin HHG, as shown in Fig. 4(f).

It is also noticed that only even harmonics appear in the
spin HHG. This is quite different from the optical HHG
[58,59]. Here, we adopt the symmetries E and I for FM-x
to unveil this mystery. Although E and I have no effect on
the spin, they can affect the spin change �S(t ) or the spin HHG
through the laser field. As an element of the two symmetries,
I dictates the system invariant under the change �r → −�r.
We take a plane wave �(t ) = ei(�k·�r−ωt ) to demonstrate the
operation of I. I gives us � ′(t ) = I�(t ) = e(−i�k·�r−iωt ). This
means that I requires � ′(t ) with wave vector −h̄�k to move
in the opposite direction. Since the spin does not change, the
symmetries only impinge on the laser field, which is indirectly
through the interaction Hamiltonian as

HI (t ) = e

me

�̂P · �A(�r, t ) + e

me

�̂S · ∇ × �A(�r, t ) + e2

2me
[ �A(�r, t )]2.

(3)

The vector potential of laser field has the form �A(�r, t ) =
[A0ei(�k·�r−ωt ) + A∗

0e−i(�k·�r−ωt )]eτ 2/t2
êr , where A0 is the complex
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amplitude and τ the duration of laser pulse. The first two
terms of the right-hand side of Eq. (3) depend linearly on
�A(�r, t ), and the third one depends on it quadratically. In our
realistic calculations, we ignore the last two terms, each being
much smaller than the first one. Equation (3) tells us that the
laser field enters the dynamic density matrix ρ based on the
time-dependent Liouville equation, and subsequently affects
the spin HHG. In the time domain, the opposite motion of the
plane wave is equivalent to adding an additional half period
to the laser field. In other words, E and I enforce a time
constraint of t → t + T/2 to the laser field [60], realizing the
laser field invariant with an opposite oscillation [see the inset
of Fig. 4(f)]. As a result, only even harmonics are allowed
in the spin HHG [46]. This finding also holds for σxz and
Ry, where their y components have the same effect as E
and I.

Finally, we consider HHG generated from the mag-
netic moments along the z axis. Here, both σxz and Ry

are broken generally, whereas C3 holds. Similarly, distinct
harmonic spectra can be obtained under the circularly po-
larized laser field (see Supplemental Material [31] for more
details).

In experimental respective, our obtained HHG is up to
∼15th order, where the 6-SL MnBi2Te4 with thickness of
about 9 nm is taken and the laser intensity is about 0.28 × 1011

W/cm2. Under similar laser intensities, monolayer MoS2 and
graphene generate HHG up to the 13th and 9th orders, re-
spectively [61,62]. In addition, if we compare MnBi2Te4 with
monolayer Fe [18], the signal from MnBi2Te4 would be much
stronger. This is because the signal of HHG is proportional
to the thickness of the sample [61]. Thus, HHG predicted in

this work would be easily obtained in experiment if the proper
thickness of MnBi2Te4 is utilized.

IV. SUMMARY AND CONCLUSIONS

In this work, we have demonstrated that rhombohedra
MnBi2Te4 film has four magnetic configuration-mediated
topological phases, generating four distinctive high-harmonic
spectra. Dirac semimetal and an axion insulator in IT
invariant antiferromagnets dictate the high harmonics, includ-
ing both even and odd orders. By contrast, the Weyl half
semimetal and QAHE from the broken IT ferromangets give
rise to only odd high harmonics. In addition, certain crys-
talline symmetries selectively generate the parallel and/or
perpendicular components of harmonics, which are directly
correlated to the physical origin of topological quantum states.
Our results reveal that HHG has the capacity of detecting
the topological phases mediated by magnetic configurations
and provide a theoretical guide for experimental researchers.
Although the Berry curvature is important at the topological
classification of the novel materials, it is hard to extract the
contribution of Berry curvature solely to HHG at present
stage. This would be the focus of future research.
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