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Optical high-order harmonic generation as a structural characterization tool
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Structural characterization is essential to material engineering, but few tools can detect structural properties
in the time domain. High harmonic generation (HHG) emerges as a new frontier that touches the heart of
condensed-matter physics from the symmetry to quantum geometrical nature of electrons, but its capability
in structural characterization has not been materialized. Here, we establish a crucial connection between the
symmetry of a material and the helicity of light. We employ monolayer MoS2 as an example. We show that
a linearly polarized laser pulse used in experiments is not ideal for structural characterization because it only
generates in-plane anisotropy. It is the circularly polarized laser field that is capable of producing four distinctive
HHG signals from the four phases of MoS2. This finally links the laser helicity to the crystal structure. The
results are generic and are not affected by the Berry curvature, the interband or intraband contribution. Our study
unleashes the power of HHG as a structural characterization tool for technologically important materials.

DOI: 10.1103/PhysRevB.101.144304

I. INTRODUCTION

High harmonic generation (HHG) has emerged as a
promising tool to study strong field effects and ultrafast elec-
tron dynamics in two-dimensional (2D) materials [1–3]. This
inspires extensive investigations in 2D materials at attosecond
timescales [3–8]. Recently, harmonic signals have been ob-
served in graphene [9–11], MoS2 [3,12–15], and CrI3 [16],
where the harmonic signals crucially depend on the crystal
symmetry. In graphene, only odd harmonics appear owing
to the inversion symmetry [10,11]. In contrast to graphene,
even harmonics due to the broken inversion symmetry are
observed in MoS2 and CrI3. The emerging even harmonics
have attracted intense attention [3,12,13]. Liu and coauthors
believed that the Berry curvature from the broken inversion
symmetry gives rise to the even harmonics in MoS2 [3]. How-
ever, their method ignores the effect of the interband polariza-
tion. Therefore, the correlation between the even harmonics
and the Berry curvature in MoS2 is still a matter of debate.
It is also worth noting that some of symmetry properties
of HHG summarized in the Supplementary Information of
Ref. [3] seem to be inconsistent with those in the main text.
To this end, focus has been on the 1H-semiconducting phase
[3,11–15,17], but MoS2 has three other common crystalline
phases of 1T , 1T ′, and 1Td [18]. The different phases have
different electronic properties. For example, the 1T ′ phase has
a large quantum spin Hall effect while the 1T phase is metallic

*sims@lzu.edu.cn
†guo-ping.zhang@outlook.com

[19,20]. The existence of these rich phases broadens the scope
of monolayer MoS2. However, since the 1T ′ and 1T phases
have similar crystal structures [20], how to distinguish them
experimentally is extremely challenging. A similar phase
transition is also found in MoTe2 [7].

In this work, we demonstrate an unexplored capability
of HHG to distinguish crystalline phases of MoS2 through
laser helicity. The crystal symmetry has a remarkable impact
on HHG signals. We find that, when the laser is linearly
polarized, even harmonics appear in 1H and 1Td MoS2 but
disappear in 1T and 1T ′ MoS2. But the huge difference in
HHG between two laser polarizations, parallel and perpendic-
ular to the in-plane mirror symmetry, cannot separatethe 1T
phase from the 1T ′ phase. This shows the limitation of linearly
polarized light [3]. We find that only circularly polarized
light can do the job, where the four phases exhibit four
remarkably different harmonics. 1H MoS2 only has 3n ± 1
harmonics in-plane (n is an integer), 1T MoS2 only has the
6n ± 1 in-plane harmonics and 6n + 3 out-of-plane harmon-
ics, 1T ′ MoS2 only has odd harmonics, and the 1Td phase
has both even and odd harmonics. These results show that
the group symmetry difference leaves a distinctive hallmark
on the harmonic signals that manifest themselves through
laser helicity. This finding is expected to motivate further
experimental investigations to develop HHG into a structure
characterization tool at the ultrafast timescale.

II. THEORETICAL METHOD

To fully appreciate the power of HHG, we choose
MoS2 which has four crystalline phases and has a
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quasi-two-dimensional structure. We employ a generic Hamil-
tonian which reads

H = H0 + HI (t ), (1)

where H0 is the ground-state Hamiltonian that accounts for
the electronic energy of the solid and HI (t ) is the interac-
tion Hamiltonian between the system and the femtosecond
laser pulse. Before calculating the HHG, we self-consistently
solve the Kohn-Sham equation [21], which is implemented in
WIEN2K [22]. Here, we ignore the crystal vibration induced by
the irradiation of laser pulse. Once the calculation converges,
we construct the density matrix of the ground state from
ρ0 = |�nk〉〈�nk|, where �nk is the Bloch wave function of
band n at crystal momentum k. We then obtain the dynamic
density matrix by numerically solving the time-dependent
Liouville equation ih̄〈nk|∂ρ/∂t |mk〉 = 〈nk[H , ρ]mk〉 [23].
Finally, HHG is computed by Fourier transforming the in-
duced macroscopic polarization P(t ) = ∑

k Tr[ρk (t )P̂k], with
P̂k being the momentum operator. HI (t ) is generally spa-
tiotemporal and thus includes all the dynamical properties
as well as symmetries. Whenever HI (t ) is invariant under
a symmetry operation, the HHG must follow strict selection
rules.

III. PROOF OF PRINCIPLE AND COMPARISON WITH
EXPERIMENT UNDER LINEARLY POLARIZED LIGHT

Monolayer MoS2 has four phases: 1H , 1T , 1T ′, and 1Td .
The most studied type is the 1H phase, but there has been no
study of HHG on the other three types. The 1H phase has a
point-group symmetry D3h with an in-plane mirror symmetry
[highlighted by the horizontal green line in Fig. 1(a)]. We
show below crystal symmetries that manifest themselves in
HHG through the selection rules. When the laser field is
linearly polarized along the x axis (i.e., parallel to the mirror
plane), only harmonics whose polarization is parallel to the
field are generated from 1H MoS2, where both even and
odd harmonics are present [see Fig. 1(a)]. By contrast there
is no signal perpendicular to the laser field. Since the wave
propagation direction must be perpendicular to the electric-
field vector, harmonic signals can be spatially separated and
detected by different cameras, as demonstrated in Fig. 1(a).
This greatly eases the experimental detection.

However, when the laser field is polarized along the y axis
(perpendicular to the mirror plane), the situation is entirely
different. 1H MoS2 emits harmonics in both the parallel and
perpendicular directions [see Fig. 1(b)], with the parallel com-
ponent being odd while the perpendicular one is even, fully
consistent with the experimental results reported by Liu and
coauthors [3]. But Table 1 in the Supplementary Information
[3] contains an error in this configuration, where both even
and odd harmonics are listed. The other three phases of MoS2

yield slightly different HHG with an in-plane anisotropy under
linearly polarized laser (see the Supplemental Material [22]).

IV. HIGH HARMONIC GENERATION UNDER
CIRCULARLY POLARIZED (σ) LIGHT

There has been no experimental investigation of HHG
in MoS2 under σ light, despite the recognized importance

FIG. 1. High harmonic signals from 1H MoS2 under two config-
urations: (a) parallel and (b) perpendicular. For the parallel config-
uration, the parallel polarization component has both even and odd
harmonic signals. By contrast, for the perpendicular configuration,
the cross-harmonic signals are induced, where the even harmonics
appear for the parallel component while the odd harmonics appear
for the perpendicular component. The cameras are placed at the
same plane of the monolayer MoS2. The dashed lines represent the
emitted signals of HHG. The parameters of the laser field are taken
as A0 = 0.03 V fs/Å, h̄ω = 1.0 eV, and τ = 60 fs.

of light helicity [3,24]. In our study, when we use σ light
within the xy plane and, to our amazement, we find that
four types of MoS2 produce four distinctive harmonic signals.
For instance, 1H MoS2 presents signals with polarization
parallel and perpendicular to the laser field, but has no out-
of-plane signal along the z axis [see Fig. 2(a)]. We also find
that the harmonic orders are peculiar: only (3n − 1)- and
(3n + 1)-order harmonics appear, while 3n-order harmonics
are missing, where n is an integer. However, this is no
longer the case for 1T MoS2. The harmonic orders of the
in-plane polarization components are 6n + 1 and 6n − 1. The
out-of-plane polarization component is of order 6n + 3. For
1T ′ MoS2, in contrast to the two cases above, the harmonic
order in an arbitrary direction is odd [Fig. 2(c)]. For 1Td

MoS2, each polarization component contains both even and
odd harmonics [Fig. 2(d)]. Such different HHG from the four
phases of MoS2 demonstrate that HHG from the circularly po-
larized light is capable of distinguishing different crystalline
phases of monolayer MoS2. Our finding now connects a pure
theoretical result [6] with the structural characterization. In
other words, the experimental pattern of HHG combined with
the symmetries behind the selective rules would identify the
phase of a material. This serves as the basis of HHG as a
structure characterization tool.
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FIG. 2. High harmonic signals from MoS2 when the laser field
is circularly polarized. (a) The harmonic signals from 1H MoS2,
where the harmonic signals along the x and y axes appear while
the harmonic signals along the z axis disappear. Interestingly, the
harmonic order is 3n ± 1. (b) The harmonic signals from 1T MoS2.
In contrast to panel (a), the even harmonics disappear owing to the
inversion symmetry and additional harmonics are induced along the z
axis. (c) The harmonic signals from 1T ′ MoS2. Only odd harmonics
appear. (d) The harmonic signals from 1Td MoS2. Even and odd
harmonics coexist. All the parameters of laser pulse are the same
as those in Fig. 1.

V. PHYSICS BEHIND HIGH HARMONIC
GENERATION IN MoS2

The above findings are interesting, but the underlying
mechanism has not been fully understood [6]. In 1H MoS2,
we see that the selective even harmonics only appear for a few
particular polarization configurations. Moreover, the 3n-order
harmonics disappear for the in-plane polarization components
when the laser field is circularly polarized. This means that
some even harmonics are not protected by the Berry curvature
under the σ light [3,25].

Our dynamic density matrix ρ deduced from the Liouville
equation indeed includes the complete information of the
system (i.e., the interband and intraband transitions). More
importantly, it also takes into account the crystal symmetry
through HI (t ) = ∑

i OiP̂ · A(t ), where Oi is the symmetry
operation of a crystal, P̂ is the momentum operator, and A(t )
is the vector potential of laser field. Importantly, we find
that the symmetry operations Oi should be further classified
into subgroups (SGs), depending on the laser polarization. In
this way, the nth order of the time-dependent macroscopic
polarization can be simplified as

P(n)(t ) = γ
∑
SG

∑
i∈SG

OiP̂ · A(n)(t ), (2)

where γ is the proportionality coefficient which has a complex
expression [26,27]. Commonly, Oi and P̂ cannot commute.

Thus, the symmetry operation Oi can act not only on the
momentum operator P̂ but also on the laser vector field A(t ).

In the following, we examine 1H MoS2 under σ light
excitation. The cases for the other three phases are presented
in the Supplemental Material [22]. When the laser field is
circularly polarized, the 12 symmetry operations of 1H MoS2

should be classified into two subgroups SGI and SGII , as
listed in Table SII of the Supplemental Material [22]. Here,
we take SGI as an example. SGI has six symmetry operations:
E , C1

3 , C2
3 , σxy, C̃1

3 , and C̃2
3 . For in-plane σ light, no symmetry

operation within SGI changes the polarization direction of the
harmonics, and thus only one unit is formed [22,28]. To ease
the complexity of the calculation, we choose a single k point
close to the 	 point to demonstrate the effect of the symmetry
operations on HHG signals. Figure 3 shows the symmetry-
operation-resolved harmonic signals. If we only employ the
identity operation E , we see that both even and odd harmonics
appear both in-plane [Fig. 3(a)] and out-of-plane [Fig. 3(f)].
This situation is the same when only the symmetry operations
C1

3 and C2
3 are present [see black lines in Figs. 3(b) and 3(g)].

However, when we sum over the signals generated under
E , C1

3 , and C2
3 , only in-plane harmonics whose orders are

3n + 1 and 3n + 2 survive [Fig. 3(c)]. This means that the
symmetry adapted polarization cancels out the harmonics of
other frequencies. Within the same SGI , symmetry operations
σxy, C̃1

3 , and C̃2
3 have the same effect [Fig. 3(d)]. Thus, when

we sum over all symmetry-adapted polarizations, we only
have 3n + 1 and 3n + 2 orders of harmonics [Fig. 3(e)].
However, this exact summation cancels out the out-of-plane
signal along the z axis [see Fig. 3(j)]. It is also noticed that
similar selection rules have been reported in molecules [29].
But the understanding of the underlying physics has not been
given under the classification of the group symmetry.

We can understand the above finding analytically [30,31].
The circularly polarized laser pulse has a vector potential
as A(t ) = A0 exp(−t2/τ 2) cos(ϕ ± ωt )êxy, where A0 is the
amplitude, τ is the pulse duration, and ϕ = π/4 is the phase
factor. For harmonic generation, the Gaussian pulse shape
only changes the profile of the harmonic signal but does
not shift its frequency. For simplicity, we drop this term in
the following analysis. Compared with the linearly polarized
light, the phase factor ϕ provides an additional degree of
freedom to modulate the selection rules of HHG [22]. This
dramatically changes the harmonic orders, which enables us
to distinguish the crystalline phases of MoS2. The nth-order
electric polarization is proportional to the nth power of the
vector potential A(t ). Following the same ideas in Eq. (2), we
expand the polarization as

P(n)
C (t ) = η

∑
SG

∑
i∈SG

OiP̂
1

2n

n∑
k=0

Ck
n cos [(2k − n)(ϕ ± ωt )],

(3)

where η is the reduced parameter. The in-plane polarization
component of the harmonics can be further clarified by intro-
ducing an operation such as [30]

OC
xy = (ϕi → +2π/3, t → +T/3). (4)

144304-3



LEI JIA et al. PHYSICAL REVIEW B 101, 144304 (2020)

0 2 4 6 8 10 12 14 16 18

5

0

-10

-5

-15

C +C1
3

2
3E+

0 2 4 6 8 10 12 14 16 18

5

0

-10

-5

-15

SGI

0 2 4 6 8 10 12 14 16 18

5

0

-10

-5

-15

C +C1
3

2
3

X component

Harmonic order

0 2 4 6 8 10 12 14 16 18

50

-10

-5

-15

~C +C1
3

2
3σxy+

~

Harmonic order

Harmonic order

5

0

-10

-5

-15

E

0 2 4 6 8 10 12 14 16 18

(a)

(b)

(c)

(d)

(e)

0 2 4 6 8 10 12 14 16 18

C +C1
3

2
3E+

0 2 4 6 8 10 12 14 16 18

SGI

0 2 4 6 8 10 12 14 16 18

C +C1
3

2
3

Z component

Harmonic order

0 2 4 6 8 10 12 14 16 18

~C +C1
3

2
3σxy+

~

Harmonic order

Harmonic order

Lo
g 

si
gn

al
 (a

rb
.u

ni
ts

)
Lo

g 
si

gn
al

 (a
rb

.u
ni

ts
)

Lo
g 

si
gn

al
 (a

rb
.u

ni
ts

)
Lo

g 
si

gn
al

 (a
rb

.u
ni

ts
)

Lo
g 

si
gn

al
 (a

rb
.u

ni
ts

)
Lo

g 
si

gn
al

 (a
rb

.u
ni

ts
)

Lo
g 

si
gn

al
 (a

rb
.u

ni
ts

)

Lo
g 

si
gn

al
 (a

rb
.u

ni
ts

)
Lo

g 
si

gn
al

 (a
rb

.u
ni

ts
)

Lo
g 

si
gn

al
 (a

rb
.u

ni
ts

)

(g)

(h)

(i)

(j)

6

0

-12

-6

-18

E

0 2 4 6 8 10 12 14 16 18

(f)
6

0

-12

-6

-18

6

0

-12

-6

-18

6

0

-12

-6

-18

6

0

-12

-6

-18

2222222222222222

FIG. 3. Manifestation of group symmetry in HHG from 1H MoS2 at the 	 point in the momentum space. Under the in-plane (xy) σ -
polarized light, the symmetry-adapted HHG signals along the (a)–(e) x and (f)–(j) z axes have a distinctive dependence on symmetry operations.
Data in panel (e) are the sum of those of panels (c) and (d) before Fourier transform. Data in panel (j) are the sum of those of panels
(h) and (i), where the out-of-plane mirror reflection cancels out the harmonic signals. The parameters of the laser pulse are the same as
in Fig. 1.

This operation of Eq. (4) requires the phase factor ϕi to
be changed, which is absent for the linearly polarized laser
field [22]. The change of one third of a period both in the
phase factor ϕi and in the time t originates from the in-plane
threefold rotational symmetry Cn

3 . If the crystal has another in-
plane rotational symmetry, the order properties of HHG will
be changed accordingly [31].

Based on the operation in Eq. (4), the harmonic signals
constrained from Eq. (3) appear if and only if

cos [(2k − n)(ϕ ± ωt )] = cos {(2k − n)(ϕ ± ωt )

+ [1 ± (2k − n)]2π/3}. (5)
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Equation (4) dominates the selection rules of HHG under the
circularly polarized laser, giving rise to the (3n ± 1)-order
harmonics constrained by Eq. (5). Compared with the linearly
polarized laser, the circularly polarized laser requires the
selective vanishing of odd or even harmonics. This largely
extends the application of HHG. All the above discoveries
also hold for the other three phases: 1T , 1T ′, and 1Td [22].

VI. ROLE OF BERRY CURVATURE

Liu and coauthors reported that the Berry curvature dom-
inates the even harmonics [3], where only the intraband
nonlinear current is taken into account. In contrast, in our
calculations, we find that both the interband and intraband
transitions contribute to the even harmonics due to breaking
of the inversion symmetry. Therefore, it seems necessary
to reevaluate the influence of the Berry curvature on the
even HHG.

Among the four crystalline phases of MoS2, the nonzero
Berry curvature only appears in the 1H or 1Td structure [32].
Here, we take 1H MoS2 to demonstrate the role of Berry
curvature on HHG. According to semiclassical theory, the
effect of the Berry curvature on HHG under the circularly
polarized laser field can be evaluated by [32–34]

v(t ) = ωB

a

∞∑
n=1

∞∑
m=1


n(−1)mJ2m−1

(nωB

ω

)
{sin [2m(ϕ ± ωt )]

− sin [(2m − 2)(ϕ ± ωt )]}, (6)

where 
n is the Fourier coefficient from expanding the Berry
curvature, Jl is the Bessel function of the first kind of order l ,
a is the lattice constant of the crystal along the direction of the
applied laser field, and ωB = eE0a/h̄ is the Bloch frequency.
The inversion symmetry breaking enters the Berry curvature
as it is expanded in the sine Fourier series. According to
the above analysis of the effect of crystal symmetry on the
interband and intraband transitions, Eq. (6) should be invariant
under the operation of the type: ϕi → +2π/3, t → +T/3.
As a result, the Berry curvature gives rise to the (6n ± 2)-
order harmonics when the laser field is circularly polarized,
being covered in the above-calculated HHG. This result is
very important and reveals that some even harmonics (i.e.,
order 6n) would disappear under the circularly polarized laser
field. In other words, the even harmonics are not necessarily
protected by the Berry curvature. However, the intrinsic selec-

tion rule still works, which is rooted in the crystal symmetry
[6]. In magnetically doped topological insulators, we also find
that the broken inversion symmetry induces even harmonics,
which stems from the effect of spin-orbit coupling [35]. In
the meantime, we cannot exclude the appearance of even
harmonics from the interband polarization because the elec-
tron transition immediately responds to the irradiation of the
laser pulse and then the intraband electronic dynamics occurs.
In fact, the appearance of even harmonics from the Berry
curvature is dominated by the breaking of inversion symmetry
regardless of the interband or intraband contribution.

VII. CONCLUSION

We have demonstrated that HHG from monolayer MoS2

contains rich structural information about its crystalline sym-
metries and electronic properties. To understand the underly-
ing physics, we classify the symmetry operations into several
subgroups that preserve the laser polarization. The symmetry
classification is different for the circularly and linearly po-
larized lasers. For example, in 1H MoS2, we classify the 12
symmetry operations into three subgroups for linearly polar-
ized light. Each subgroup contains four symmetry operations
(see Supplemental Material for more details [22]). However,
we can only classify the 12 symmetry operations into two
subgroups for the circularly polarized light and each subgroup
has six symmetry operations. This leads to different HHG
for the circularly and linearly polarized lasers. Our results
suggest that the electronic property, the Berry curvature, the
interband transitions, and the intraband transitions cannot
alter the intrinsic selection rules of HHG, which are instead
dictated by the crystal symmetry. These findings demonstrate
a feasible way to characterize the crystalline phases of MoS2

through the emitted HHG.
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